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Spin states and persistent currents in a mesoscopic ring with an embedded magnetic impurity
J. S. Sheng and Kai Chang∗
SKLSM, Institute of Semiconductors, Chinese Academy of Sciences, P. O. Box 912, Beijing 100083, China
Spin states and persistent currents are investigated theoretically in a mesoscopic ring with an embedded mag-
netic ion under a uniform magnetic field including the spin-orbit interactions. The magnetic impurity acts as
a spin-dependent δ -potential for electrons and results in gaps in the energy spectrum, consequently suppresses
the oscillation of the persistent currents. The competition between the Zeeman splittings and the s-d exchange
interaction leads to a transition of the electron ground state in the ring. The interplay between the periodic poten-
tial induced by the Rashba and Dresselhaus spin-orbit interactions and the δ -potential induced by the magnetic
impurity leads to significant variation in the energy spectrum, charge density distribution, and persistent currents
of electrons in the ring.
PACS numbers: 73.23.Ra,71.70.Ej,71.70.Gm,75.50.Pp
I. INTRODUCTION
Recently, spin dependent optical and transport properties
of semiconductors have received renewed interest due to the
potential applications of spintronic devices.1,2 One of the
essential requirements in a spintronic device is to generate
spin-polarized current. In a diluted magnetic semiconductor
(DMS), the s-d exchange interaction3 between the electrons
and the magnetic impurities makes it possible to tailor elec-
tron spin splitting and thereby generate spin-polarized cur-
rents4,5,6,7.
The spin states of the electrons in a semiconductor can also
be manipulated by an external electric field via the spin-orbit
interaction (SOI). There are two types of SOI’s in semicon-
ductors. One is the Rashba spin-orbit interaction (RSOI) in-
duced by structure inversion asymmetry,8,9 and the other is the
Dresselhaus spin-orbit interaction (DSOI) induced by bulk in-
version asymmetry10. The strength of the RSOI can be tuned
by external gate voltages or asymmetric doping, while the
strength of the DSOI is inversely proportional to the thickness
of the quantum well and thus becomes comparable with that
of RSOI in narrow quantum wells.11 SOI makes it possible
to generate a spin current (SC) electrically without the use of
ferromagnetic material or a magnetic field.12,13 The impact of
in-plane magnetic field on the spin hall conductivity has been
investigated in the two-dimensional electron gas (2DEG) in
the presence of both the RSOI and DSOI.14 The coexisting
of the s-d exchange interaction and spin-orbit interactions in
2DEG could result in a significant change of the spin polar-
ization of the charge current (CC).15
Recent progress in fabrication techniques makes it possible
to dope a few or even one magnetic impurity in a semiconduc-
tor nanostructure.16 Aharonov-Bhom oscillations and spin-
polarized transport properties in a mesoscopic open ring with
an embedded magnetic impurity have been investigated theo-
retically17 using quantum wave-guide theory18 without spin-
orbit interactions. Persistent charge and spin currents in
closed mesoscopic rings in the presence of a nonmagnetic im-
purity were studied including the RSOI,19 and a rounding ef-
fect of the nonmagnetic impurity on the energy spectrum and
the flux oscillation of the persistent CC was found. However,
it is interesting to investigate the effect of a magnetic impurity
on persistent currents, especially spin current, in a mesoscopic
ring. The interplay between the RSOI and DSOI can induce
an effective azimuthal periodic potential in the ring, conse-
quently breaks the cylindrical symmetry of the ring,20 and
this feature makes the spin states and the persistent currents
depend sensitively on the position of the magnetic impurity.
In this work, we study spin states and persistent currents of
a 1D mesoscopic ring with an embedded magnetic impurity
in the presence of both the RSOI and DSOI. The interplay be-
tween the Zeeman splittings and the s-d exchange interaction
leads to a transition of the electron ground state. The energy
spectrum and the persistent currents depend sensitively on the
position of the magnetic impurity including both the RSOI and
DSOI, since the interplay between the RSOI and DSOI breaks
the cylinderical symmetry. It is interesting to notice that the
symmetry of the persistent SC in the parameter space (α-β ) is
robust against the magnetic impurity. The paper is organized
as follows. The theoretical model is presented in Sec. II. The
numerical results and discussion are given in Sec. III. Finally,
we give a brief conclusion in Sec. IV.
II. THEORETICAL MODEL
In the presence of both the RSOI and DSOI, the dimen-
sionless Hamiltonian of a mesoscopic ring with an embedded
magnetic impurity (see Fig. 1) under a uniform perpendicular
magnetic field reads20
H =
[
−i ∂∂ϕ +φ +
α
2
σr − β2 σϕ(−ϕ)
]2
− α
2 +β 2
4
+
αβ
2
sin2ϕ + geφσ ez + gmφσmz − 2piJsˆe · sˆmδ (ϕ −θ ),
(1)
where φ is the magnetic flux in the units of φ0 = h/e, and α
and β specify the strengths of the RSOI and DSOI, respec-
tively. σr = cosϕσ ex + sinϕσ ey and σϕ = cosϕσ ey − sinϕσ ex ,
ge (gm) is the g factor of the electron (magnetic impurity),
and J is the strength of the s-d exchange interaction between
the conduction band electron sˆe and the magnetic impurity
sˆm. As discussed in our previous work, the interplay between
the RSOI and DSOI induces a sin2ϕ potential [the third term
2in Eq. (1)] and breaks the cylindrical symmetry of the meso-
scopic ring.20
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FIG. 1: (Color online) Schematic diagram for a mesoscopic ring with
an embedded magnetic impurity.
The charge density operator and the charge current density
operator are
ρˆ(ϕ ′) =−eδ (ϕ ′−ϕ)
ˆjc(ϕ ′) =
1
2 [ρˆ(ϕ
′)vˆ+ vˆρˆ(ϕ ′))],
(2)
where ϕ ′ refers to the field coordinates and ϕ the coordi-
nates of the electron. The velocity operator associated with
the Hamiltonian in Eq. (1) is
vˆ = eϕ
[
−i ∂∂ϕ +φ +
α
2
σr − β2 σϕ(−ϕ)
]
. (3)
We can also introduce the spin density and spin current density
operators as
ˆS(ϕ ′) = sˆeδ (ϕ ′−ϕ)
ˆjs(ϕ ′) =
1
2
[ ˆS(ϕ ′)vˆ+ vˆ ˆS(ϕ ′)],
(4)
where sˆe is the vector of the electron spin operator. The charge
current density and spin current density can be obtained by
calculating the expectation values of the corresponding oper-
ators:
jc(ϕ ′) = 〈Ψ|ˆjc|Ψ〉=−eRe{Ψ†(ϕ ′)vˆ′Ψ(ϕ ′)}
js(ϕ ′) = 〈Ψ|ˆjs|Ψ〉= Re{Ψ†(ϕ ′)vˆ′sˆeΨ(ϕ ′)},
(5)
where Ψ(ϕ) is the wavefunction of an electron in the ring. For
convenience, we note ϕ ′andvˆ′ as ϕandvˆ hereafter.
The azimuthal (spin or charge) current can be defined as21
I =
1
2pi
∫ 2pi
0
dϕ j(ϕ). (6)
At low temperature, N electrons will occupy the lowest N
levels of the energy spectrum. The total (charge or spin) cur-
rent is the summation over all occupied levels.19
III. NUMERICAL RESULTS AND DISCUSSION
A. The effects of the magnetic impurity
In order to clearly investigate the effects of the magnetic
impurity on the spin states and persistent currents in the 1D
ring, we first neglect the Zeeman splittings and spin-orbit in-
teractions. The Hamiltonian of the system becomes
H =
(
−i ∂∂ϕ +φ
)2
− 2piJsˆe · sˆmδ (ϕ −θ ). (7)
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FIG. 2: (Color online) (a) Energy spectrum of 1D mesoscopic ring
with one magnetic impurity at different magnetic fluxes; (b) Prob-
ability density distribution for the lowest triplet and singlet states
of 1D ring with one magnetic impurity for different magnetic flux.
J = 0.5 and θ = 0.
When a spin-1/2 magnetic impurity appears in the meso-
scopic ring, the total angular momentum of the eigenstates is
equal to 1 (triplet) or 0 (singlet) due to the coupling between
the electron spin sˆe and the impurity spin sˆm. In the coupling
representation, the Hamiltonian can be written as
Hc =
[
HS 0
0 HT I3
]
, (8)
where HS =
(
−i ∂∂ϕ +φ
)2
+ 3piJ2 δ (ϕ −θ ) is the Hamiltonian
for the singlet states ( j = 0), HT =
(
−i ∂∂ϕ +φ
)2
− piJ2 δ (ϕ −
θ ) is the Hamiltonian for the triplet states ( j = 1), and I3 rep-
resents the 3×3 identity matrix. We can find that the magnetic
impurity behaves like a barrier (well) for the singlet (triplet)
state when J > 0.
Fig. 2(a) shows the energy spectrum of the mesoscopic
ring with an embedded magnetic impurity. The energy split-
tings between the triplet and singlet states are proportional to
the strength of the exchange interaction J > 0. The neigh-
boring singlet and triplet levels can degenerate at special
magnetic fluxes (integer or half-integer φ ). When φ is an
integer, the energies of the fourfold degenerate levels are
1,4,9, · · · ,n2, · · · , which can be obtained from sin piκ = 0 in
both Eq. (A.6) and Eq. (A.10) in the Appendix; When φ is
a half-integer, the energies of the fourfold degenerate levels
are 1/4,9/4,25/4, · · · ,(n+ 1/2)2, · · · , which can be obtained
3from cospiκ = 0 in both Eq. (A.7) and Eq. (A.11) in the Ap-
pendix.
Note that the orbital wavefunction and spin wavefunction
can be separated in the ring without SOI. The eigenstates of
the system can be written as Ψ = X jm(ϕ)| 12 12 jm〉 where j =
0,1 and m = − j, . . . , j. The orbital wavefunctions X jm are
determined by(
−i ∂∂ϕ +φ
)2
X00 +
3
2
piJδ (ϕ −θ )X00 = EX00, (9a)
(
−i ∂∂ϕ +φ
)2
X1m − 12piJδ (ϕ −θ )X1m = EX1m. (9b)
This means that the spin-1/2 magnetic impurity acts as a δ -
barrier (well) and well (barrier) on the singlet and triplet states
for J > 0 (J < 0), respectively. This feature consequently leads
to different localization of the singlet and triplet states [see
Fig. 2(b)]. We assume J > 0 in this work without loss of gen-
erality. In this case, the ground state of the system is a triplet
state.
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FIG. 3: (Color online) The phase diagram of the ground triplet state
in the ring at different magnetic flux φ and s-d exchange interaction
strength J.
We now focus on the lowest triplet state. The transition be-
tween bound state and free state can be clearly seen in Fig. 3
as a function of the magnetic flux φ and the strength of the
s-d exchange interaction J. The lowest triplet state is a bound
state at an integer φ because Eq. (A.13) has one solution for
any given positive J. Whether the lowest triplet state at a half-
integer φ is a bound state (E < 0) or free state (E > 0) de-
pends on the strength of the s-d exchange interaction J. When
J > 4/pi2, Eq. (A.14) has a nontrivial solution, and therefore
the lowest triplet state at a half-integer φ is a bound state.
When J < 4/pi2, Eq. (A.14) only has a trivial solution, and
thus the lowest triplet state at a half -integer φ is a free state.
This means that when the strength of the s-d exchange inter-
action J is not large enough (0< J < 4/pi2), the triplet ground
state changes from bound state to free state while varying the
magnetic flux φ . However, when J is large enough, (J > 4/pi2)
the ground state electron is always trapped by the magnetic
impurity at any magnetic flux φ .
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FIG. 4: (Color online) (a) The lowest triplet (dotted) and singlet
(dashed) energy levels as functions of the s-d exchange interaction
strength J. The blue (green) lines are for the integer (half-integer)
magnetic flux φ ; (b) The lowest four triplet gaps as functions of J,
where the red (green, blue, cyan) line denotes the first (second, third,
fourth) lowest singlet gap; (c) The same as (b) but for the singlet
gaps; (d) The true energy gaps as functions of the s-d exchange in-
teraction strength J. The dark (red, green, blue, brown) line denotes
the first (second, third, fourth, fifth) lowest energy gap. The dashed
line depicts the asymptotic behavior of the lowest energy gap as J
increases.
Fig. 4(a) depicts the lowest triplet (dotted) and singlet
(dashed) energy levels as functions of the strength of the s-
d exchange interaction J at an integer magnetic flux (blue) or
half-integer magnetic flux (green). The dash-dotted horizontal
lines correspond to those special fourfold degenerate points in
Fig. 2(a) whose energies do not change with J. The energy
difference of two triplet (or singlet) states at different mag-
netic fluxes but of the same order approach zero as J → ∞,
e.g.,
ET 1(φ = 0)→ ET1(φ = 1/2)→−pi2J2/16
ES1(φ = 0)→ ES1(φ = 1/2) = 1/4
ET 2(φ = 0)→ ET 2(φ = 1/2) = 1/4
ES2(φ = 1/2)→ ES2(φ = 0) = 1
ET3(φ = 1/2)→ ET 3(φ = 0) = 1
as J → ∞. These results can be obtained from approximate
solutions to the three transcendental equationsi.e., Eqs. (A.5),
(A.9) and (A.12) in the Appendix, for large J at integer and
half-integer magnetic flux. The lowest four energy gaps be-
tween triplet (singlet) states are shown in Fig. 4(b) [Fig. 4(c)].
But they are only pseudo gaps. The true gaps are shown in
4Fig. 4(d), the energy gaps appear successively and increase.
The lowest energy gap Eg1 = ES1(φ = 0)− ET 1(φ = 1/2)
approaches 1/4+ pi2J2/16 as J → ∞ [see the dashed line in
Fig. 4(d)], and the second lowest energy gap Eg2 = ES2(φ =
1/2)−ET2(φ = 0) approaches 1− 1/4 = 3/4 as J → ∞. The
third, fourth, and fifth lowest energy gaps approach 5/4, 7/4,
and 9/4 as J → ∞ , respectively.
Fig. 5(a) shows the persistent CC’s from the lowest triplet
and singlet energy levels at different magnetic flux φ . The per-
sistent CC from both the triplet and singlet states are smoothed
and suppressed by the magnetic impurity. The persistent SC’s
from the lowest |1,−1〉, |1,0〉, |1,1〉, and |0,0〉 are depicted
in Fig. 5(b). The SC contributions of |1,0〉 and |0,0〉 are al-
ways zero and the SC contributions of |1,−1〉 and |1,1〉 are
always opposite, thus canceling each other. We note that the
persistent SC from the lowest |1,−1〉 is proportional to the
persistent CC from the same state. The oscillation ampli-
tudes, i.e., the maximal values, of the persistent CC from the
lowest triplet and singlet energy levels are shown in Fig. 5(c)
with different strengths of the s-d exchange interaction J. The
persistent CC’s from both the lowest triplet and singlet en-
ergy levels decline as J increases. We recall that the magnetic
impurity acts as a δ -well (δ -barrier) for the triplet (singlet)
states. Both the δ -well and δ -barrier hinder electron propaga-
tion along the ring and suppress the persistent CC (and SC).
The persistent CC from the lowest triplet energy level declines
more rapidly than its singlet counterpart because the electron
is more localized (around the δ -well) for the triplet states than
for the singlet states. Nevertheless, for small J the persistent
CC from the lowest singlet energy level can be smaller than
that from the lowest triplet energy level [see Fig. 5(a)] because
the strength of the δ -barrier for the singlet states is triple the
strength of the δ -well for the triplet states.
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FIG. 5: (Color online) (a) The persistent CC from the lowest triplet
(singlet) energy level at different magnetic flux φ is denoted by the
red solid (blue dashed) line, J = 0.5; (b) The persistent SC from the
lowest |1,−1〉 (|1,1〉) state is denoted by the red solid (blue dashed)
line, and the green dotted lines are the persistent SC from the lowest
|1,0〉 state and that from the lowest |0,0〉 state, J = 0.5; (c) The
maximal value of the persistent CC from the lowest triplet (singlet)
energy level with different strengths of the s-d exchange J is denoted
by red solid (blue dashed) line.
Now we include the intrinsic Zeeman terms of both the
electron and the magnetic impurity, e.g., GaAs ring. The
energy spectrum with an embedded spin-1/2 magnetic im-
purity is depicted in Fig. 6(a). The dimensionless g factors
ge = g∗em∗ = −0.02948 and gm = g∗mm∗ = 0.134. It is in-
teresting to notice that the |0,0〉 states and |1,0〉 states are
coupled together by the Zeeman terms [see Eq. (A.16)]. Al-
though these states are mixed, the projection of the angular
momentum along the z-axis 〈 ˆjz〉 is still a good quantum num-
ber, i.e., 〈 ˆjz〉 = 0 [see the red dotted lines in Fig. 6(a)]. The
states |1,−1〉 and |1,1〉 are decoupled, and the Zeeman terms
only alter their energies [see the green dashed lines and the
blue solid lines in Fig. 6(a)], while the total spin ˆj and its
z-component ˆjz are still good quantum numbers. Fig. 6(b)
shows the phase diagram for the ground state of the ring at
different J and φ . From this figure one can see that the ground
state in the ring can transit among those three kinds of states
due to the interplay between the Zeeman terms and s-d ex-
change interaction as the magnetic flux φ increases, and 〈 ˆjz〉
and 〈sˆz〉 undergo sudden changes across boundaries in the
phase diagram [see the red and blue lines in Fig. 6(b)].
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FIG. 6: (Color online) (a) Energy spectrum of a GaAs ring with an
embedded spin-1/2 magnetic impurity (J = 0.2), the Zeeman terms
of both the electron and the magnetic impurity are included, ge =
−0.02948 and gm = 0.134, the red dotted lines denote those levels
with zero 〈 ˆjz〉, and the green dashed (blue solid) lines denote the
|1,−1〉 (|1,1〉) levels; (b) The three-phase transition of the ground
state, and the variations of the 〈 ˆjz〉 (the red line) and 〈sˆz〉 (the blue
line) along the dashed line (J = 0.2), g¯1 =−0.02948 and g¯2 = 0.134.
B. The effects of the RSOI and DSOI
In this subsection, we focus on the competition between the
s-d exchange interaction and SOIs. From Eq. (1), the interplay
between the RSOI and DSOI induces a sin2ϕ periodic poten-
tial and breaks the cylindrical symmetry of the mesoscopic
ring. The spin states, energy spectrum and persistent currents
depend sensitively on the position of the magnetic impurity.
Fig. 7 depicts the influence of the position of the magnetic
impurity on the eigenenergy spectrum of the mesoscopic ring
in the presence of both the RSOI and DSOI. Strictly speak-
ing, the degeneracy of the triplet states is lifted by the RSOI
and DSOI. The position of the magnetic impurity more sig-
nificantly influences the lower energy levels than the higher
levels since the wavefunctions of the lower states are more lo-
calized than that of the higher states. In such an anisotropic
ring, θ = 0 and θ =±pi/2 are equivalent positions which can
be connected to each other by mirror reflections with respect
to the ϕ = ±pi/4 planes, and therefore two energy spectra in
5panels (a) and (d) in Fig. 7 are exactly the same. The en-
ergy splittings due to the s-d exchange interaction in panel (b)
[(c)] are largest (smallest) because the probability density of
the lowest bound states exhibits maxima (minima) when the
magnetic impurity is located at the bottom (peak) of the sin2ϕ
periodic potential induced by the interplay between the RSOI
and DSOI. We also notice that the corresponding energy split-
tings of the second bound state in panel (b) are zero because
the magnetic impurity is located just at the node (θ = −pi/4)
of the wavefunction of the second bound state.
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FIG. 7: Energy spectrum of 1D mesoscopic ring with an embedded
spin-1/2 magnetic impurity and two types of SOI’s, J = 0.2, α = 3
and β = 2, the position of the impurity is θ = 0 in panel (a), and
−pi/4, pi/4, ±pi/2 in panel (b), (c), (d) respectively.
Fig. 8 shows the probability density distributions of the
lowest singlet and triplet states for different positions of the
magnetic impurity. The electron is distributed along the ring
according to the potential αβ2 sin2ϕ , which is induced by the
interplay between the RSOI and DSOI [see Eq. (1)] in the
absence of a magnetic impurity. This potential αβ2 sin2ϕ ex-
hibits two valleys at ϕ =−pi/4 and ϕ = 3pi/4, where the elec-
tron is most likely to appear, and two peaks at ϕ = pi/4 and
ϕ =−3pi/4, corresponding to the minimum of the probability
density of electron. As shown in the previous subsection, the
magnetic impurity acts as a δ -like barrier for the singlet state
electron and as a δ -well for the triplet state electron when
J > 0, and the height of the δ -barrier is three time larger than
that of the δ -well [see Eq. (9)]. Thus the presence of the mag-
netic impurity will make the potential profile at the positions
ϕ = −pi/4 and ϕ = 3pi/4 no longer equivalent. From Fig. 8
one can find that the competition between the magnetic impu-
rity and SOIs, i.e., the probability density of an electron at the
valley, is enhanced (reduced) for the triplet (singlet) state elec-
tron when the position of the magnetic impurity approaches
the valley [see the black line in Fig. 8(a)]. It is interesting to
note that the magnetic impurity acting as a δ -like barrier for
the singlet state could also enhance the probability density of
the electron at the other valley (ϕ = 3pi/4) when it is at the
valley (ϕ = 3pi/4) of the potential αβ2 sin2ϕ [see the black
line in Fig. 8(b)].
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FIG. 8: (Color online) The probability density distributions of the
lowest triplet [panel (a)] and singlet [panel (b)] states. The red (dark,
green, cyan, blue) line is for the magnetic impurity located at θ =
−pi/2 (−pi/4, 0, pi/4,pi/2). Other parameters are J = 0.2, α = 3,
β = 2, and φ = 0.
Two types of energy gaps appear in the energy spectrum of
a mesoscopic ring, including the RSOI, the DSOI, and the s-
d exchange interaction [see Fig. 9]. In our previous work20,
we discussed the energy gaps caused by the coexistence of the
RSOI and DSOI (Eg-I). As shown in Fig. 4(d), the s-d ex-
change interaction can also open an energy gap (Eg-II) if the
strength J is greater than the corresponding threshold value.
We demonstrate in Fig. 10 that the two types of energy gaps
tend to compete against each other. The lowest SOI induced
gap declines as the strength of the s-d exchange interaction in-
creases [see Fig. 10(a)]. That is because the energy splittings
between singlet and triplet states caused by the s-d exchange
interaction tend to squeeze the gap induced by SOI especially
when the magnetic impurity approaches the valley of poten-
tial (θ =−pi/4) since the s-d exchange interaction is a contact
interaction that depends on the overlap between the magnetic
impurity and the electron. Fig. 10(b) depicts the energy gap
induced by the s-d exchange interaction as a function of the
strength of SOIs. The increasing strengths of the RSOI and
DSOI enhance the localization of the electron. The gap in-
creases when the magnetic impurity is located at the valley
of the potential αβ2 sin2ϕ (θ = −pi/4) as the SOI strengths(α and β ) increase, or decrease when the magnetic impu-
rity is at other sites. The gap width decreases most rapidly
when the magnetic impurity locates at the peak of the poten-
tial αβ2 sin2ϕ (θ = pi/4).
The s-d exchange interaction can also influence the persis-
tent SC. In Fig. 11(a), we show a contour plot of the persistent
SC as a function of the s-d exchange interaction strength J and
the position of the magnetic impurity θ . We can see that the
persistent SC oscillates with the magnetic impurity position θ
when the strength J is fixed. The magnitude of the persistent
SC exhibits maxima at θ = pi/4,3pi/4,5pi/4,7pi/4, where the
valleys and peaks of the potential αβ2 sin2ϕ are. There are
also four specific positions of magnetic impurity [the white
regions in Fig. 11(a)] where the magnitude of the persistent
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FIG. 9: (Color online) Two types of energy gaps appear in the energy
spectrum while the spin-orbit interactions and s-d exchange interac-
tion coexist in the mesoscopic ring. Eg-I denotes the lowest (direct)
energy gap induced by by the RSOI and DSOI, Eg-II denotes the
lowest (indirect) energy gap induced the s-d exchange interaction.
α = β = 2, J = 1, θ = 0.
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FIG. 10: (Color online) (a) The lowest SOI induced gap vs the s-d
exchange interaction strength J with different positions of the mag-
netic impurity, α = β = 3; (b) The lowest s-d induced gap vs the SOI
strengths (α = β ) with different positions of the magnetic impurity,
J = 1.5.
SC exhibits minima. Those positions are determined by the
specific strengths of the RSOI and DSOI. When the magnetic
impurity is at a peak (valley) of the potential αβ2 sin2ϕ , the
magnitude of the persistent SC increases (decreases) as the s-
d exchange interaction strength J increases. This provides us
a possible way to control the spin current utilizing the mag-
netic impurity.
We depict the persistent SC with different RSOI strength
α and DSOI strength β in Fig. 11(b) at a fixed J. The
symmetry of the persistent SC in the α-β parameter space
is still the same as what we reported before in the absence
of the magnetic impurity20. The eigenenergy levels become
twofold degenerate when α and β are tuned to proper values
in the absence of the magnetic impurity, and the contributions
from these two degenerate levels cancel each other and con-
sequently lead to the vanishing SC. This twofold degeneracy
will be lifted by the s-d exchange interaction and the the lev-
els split into singlet and triplet states. The contributions to
the persistent SC from the singlet states (|0,0〉) are zero while
those from the triplet states (|1,−1〉, |1,0〉, |1,1〉) states cancel
each other so that the total persistent SC is still zero even in the
presence of the magnetic impurity. That is why the symmetry
is robust against the magnetic impurity. But the magnitude of
the persistent SC is suppressed by the magnetic impurity, i.e.,
the s-d exchange interaction.
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FIG. 11: (Color online) (a) Contour plot of the persistent SC as a
function of the strength J of the s-d exchange interaction and the
impurity position θ , α = 3, β = 2, and φ = 0.5; (b) Contour plot
of the persistent SC as a function of the RSOI strength α and DSOI
strength β , J = 0.5, θ = 0, and φ = 0.5.
IV. CONCLUSIONS
We have investigated theoretically the spin states and per-
sistent currents (CC and SC) in a 1D ring with an embedded
magnetic impurity. The s-d exchange interaction between the
electron and the magnetic impurity splits the eigenstates into
singlet states and triplet states. The magnetic impurity acts as
a δ -barrier (δ -well) for the singlet (triplet) states when J > 0,
opens energy gaps in the energy spectrum, and suppresses the
persistent CC and SC. The competition between the Zeeman
terms and the s-d exchange interaction leads to a transition of
the electron ground state in the ring. The eigenenergy spec-
trum, probability distribution, and persistent SC depend sensi-
tively on the position of the magnetic impurity. The symmetry
of the persistent SC in parameter space (α-β ) is not destroyed
by the magnetic impurity.
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APPENDIX: THE HAMILTONIAN IN THE COUPLING
REPRESENTATION
In the decoupling representation, the basis set is the direct
product of the spin states of the electron and the magnetic
7impurity |sez〉
⊗ |smz 〉. The Hamiltonian of a one-dimensional
ring with an embedded magnetic impurity can be written as
Hnc =
| ↓↓〉 | ↑↓〉 | ↓↑〉 | ↑↑〉
| ↓↓〉
| ↑↓〉
| ↓↑〉
| ↑↑〉


H−
0
0
0
0
H+
−piJδ (ϕ −θ )
0
0
−piJδ (ϕ −θ )
H+
0
0
0
0
H−

 ,
(A.1)
where H+ =
(
−i ∂∂ϕ +φ
)2
+ piJ2 δ (ϕ − θ ) and H− =(
−i ∂∂ϕ +φ
)2
− piJ2 δ (ϕ −θ ). We can transform it to the cou-
pling representation via a unitary operator S which is related
to C-G coefficients S
1
2
1
2
m1m2 jm.
Hc = S−1HncS,
S =
|0, 0〉 |1,−1〉 |1, 0〉 |1, 1〉
| ↓↓〉
| ↑↓〉
| ↓↑〉
| ↑↑〉


0
1/
√
2
−1/√2
0
1
0
0
0
0
1/
√
2
1/
√
2
0
0
0
0
1

 , (A.2)
S−1 = S′.
Thus the Hamiltonian in the coupling representation is
Hc =
[
HS 0
0 HT I3
]
, (A.3)
where HS =
(
−i ∂∂ϕ +φ
)2
+ 3piJ2 δ (ϕ −θ ) is the Hamiltonian
for the singlet states ( j = 0), HT =
(
−i ∂∂ϕ +φ
)2
− piJ2 δ (ϕ −
θ ) is the Hamiltonian for the triplet states ( j = 1), and I3 rep-
resents the 3× 3 identity matrix.
Because of the cylindrical symmetry, the position of the
magnetic impurity can be assumed to be θ = 0 without loss
of generality.
For the singlet state, the magnetic impurity acts as a δ -
potential barrier whose strength is 3piJ2 (J > 0). All related
eigenstates should be free states in the ring (E = κ2 > 0,κ >
0), and can be determined by

(
−i ∂∂ϕ +φ
)2
X = κ2X ,0 < ϕ < 2pi
X(0) = X(2pi)
X ′(0)−X ′(2pi) = 3piJ2 X(0).
(A.4)
The general solution X(ϕ) = C1ei(κ−φ)ϕ +C2e−i(κ+φ)ϕ , we
obtain the following transcendental equation:
4κ [cos2piφ − cos2piκ ] = 3piJ sin2piκ . (A.5)
The singlet eigenenergies E = κ2 can be obtained from the
zeros of Eq. (A.5). We further consider the following special
cases:
(a) when φ is an integer;
The κ values are determined by
sinpiκ = 0 or cotpiκ = 4κ3piJ . (A.6)
(b) when φ is a half-integer.
The κ values are determined by
cospiκ = 0 or tanpiκ =− 4κ3piJ . (A.7)
For the triplet state electrons, the magnetic impurity acts
as a δ -potential well whose strength is piJ2 (J > 0). The low-
est triplet state could be a bound state (E = −κ2 < 0,κ > 0),
and the higher states can still be free states extended over the
whole ring (E = κ2 > 0,κ > 0). The free triplet eigenstates
can be determined by


(
−i ∂∂ϕ +φ
)2
X = κ2X ,0 < ϕ < 2pi
X(0) = X(2pi)
X ′(0)−X ′(2pi) =− piJ2 X(0).
(A.8)
The corresponding transcendental equation can be derived
similarly,
4κ [cos2piφ − cos2piκ ] =−piJ sin2piκ . (A.9)
The eigenenergy spectrum at the specific magnetic fluxes
are:
(a) when φ is an integer;
The κ values are determined by
sinpiκ = 0 or cotpiκ =−4κ
piJ
. (A.10)
(b) when φ is a half-integer.
The κ values are determined by
cospiκ = 0 or tanpiκ = 4κ
piJ
. (A.11)
The triplet bound state can be obtained by substituting κ
with iκ in Eqs. (A.8), (A.9), (A.10), and (A.11). The corre-
sponding transcendental equation is
4κ [cos2piφ − cosh2piκ ] =−piJ sinh2piκ . (A.12)
The eigenenergy spectrum at the specific magnetic fluxes
are:
(a) when φ is an integer;
The κ values are determined by
cothpiκ = 4κ
piJ
. (A.13)
(b) when φ is a half-integer.
The κ values are determined by
tanhpiκ = 4κ
piJ
. (A.14)
The Zeeman terms are diagonal matrix elements in decou-
pling representation,
HZnc =


−(ge + gm)φ 0 0 0
0 (ge − gm)φ 0 0
0 0 (gm − ge)φ 0
0 0 0 (ge + gm)φ

 .
(A.15)
8But in coupling representation it becomes
HZc = S−1HZncS
=


0 0 (ge − gm)φ 0
0 −(ge + gm)φ 0 0
(ge − gm)φ 0 0 0
0 0 0 (ge + gm)φ

 .
(A.16)
Generally speaking, ge is not equal to gm, and therefore the
singlet |0,0〉 and triplet |1,0〉 states are coupled together by
the Zeeman terms (see (ge− gm)φ in Eq. (A.16)).
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